ANSWERS TO ANALYSIS III, FINAL EXAMINATION, 2008,

1 (1)

1 (i)

B.MATH 2ND YEAR

U = GL(n,R) is an open subset of M (n,R), f: U — M(n,R) is defined by
fA) ="

Claim: Df(A)X = -A"1XA™!
Note that A : M(n,R) — M(n,R) defined by A\(X) = —A71XA 1 is a
linear map and for C such that ||C]| is small we have (I + A71C)~! =

I—A'C+ (A7'C)* — -, hence we have
oy A+ C) = J(A) = MO
©=0 11C]|
. ||(A+C)71 — A1 JrAflCA—l”
= lim
@0 1C1|
T +ATO) AT AT AT oA
= lim
@0 1C|
. ||(I—A_1C+(A—1C)2_...)A—l_A_1+A_1CA_1H
= lim
o [1CT]
3 ||(I7Ailc+(Ailc)2 — .. 7I+A710)A71||
= lim
e=0 1C|
102 —(A-10)3 4+ ..)A!
iy J(ATICP (AT 0 4 AT
@0 I1C]|
. 00 ||A—1Hn+2HC||n+1
<
<im0
=0

Thus Df(A)X = —A71XA7! for X € M(n,R)
Let f : R? — R be defined by

fay) = cos(ay) —yPe "
Then f is a C* function, f(0,1) =0 and Dy f(0,1) = —2 # 0.
Therefore by implicit function theorem (smooth version) there is a C*>
function y = g(z) defined on some open neighbourhood A of 0 to a nigh-
bourhood B of 1 such that for each z € A there is a unique g(z) € B such
that f(x,g(x)) =0.
Thus ¢(0) = 1, cos(zg(z)) — g(;lc)Qe*$2 =0.
Let f:R™ — R™ be a differentiable map and

flz+ (1 —=t)y) =tf(x)+ 1 —1t)f(y) for all z,y € R™, ¢ € [0,1]
Let z e R",z # 0
= f(tw) = tf(x) + (1 - 1)f(0)
= f(tx) = £(0) = t(f(x) — f(0)
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= lim ||f(m)7f(?)7f/(0)(m)” = 0 since f is differentiable at 0

t—0 [tl]

- Jim LU @=FO) -t/ (O@)] _
£0 [[ta]|

= Jim W@ =)= O@Il _
0 I

= f(z) — f(0) = f'(0)(x)
Thus for all z € R™ we have f(z) = f/(0)x + f(0)

w2y
2 (if) Let f: B2 — R be defined by f(z,y) = { wrg  or(@,9)#(0,0)

Di(f(0,0)) = ;{%M -0

Dy(£(0,0)) = lim {&M-IO0
h—0
If f were differentiable at 0, then we shall have f'(0) = [0 0] =0, but
i BEn-00-FO@nl T
() (0.0) (=) e S00) ey T 7

(Considering the above limit along the direction y = = we get the limit
value as 2%)
2
Thus f is not differentiable at 0
3 (i) (a) w(z Lo, T _ xldroANdrs+xodrsAdri+x3dri Adzo
) () wiz, oz, z2) (23 +a3+23)?

—1
dw = md(xf + a2+ x%)% A (z1dzg A dxs + xodxsdry + x3dxy A dxs)
1T T3 T3
1
(af + 3 +23)3
_3 i
= FEr R (22 + 22 + x%) 2 (2z1dx1 + 2xodzy 4 223d23)

(dz1 Adxo A dxs + deg A dxs A dxy + deg A dzy A dxg)

3(d1‘1 A dl‘g A d1‘3)
(a3 + a3 +43)7
—3(222dx1 A dxg A drs + 223dze A das A dzy + 223dzs A dzy A dzg)

2a? + a2 + 22)3

A (J,‘1d],‘2 A dxs + rodxs A dxy + x3dxy A dl‘2) +

3(dl‘1 A dzo /\d.’173)
(@2 + 23 +a3)%
—3(g2 2 2
= (a1 + 23 +x§’)dx1 Adzg A drs +
(27 + 23 +23)2
=0

3(d.’171 ANdzo A dxg)

(23 + 23 +23)?

3 (i) (b) o is the singular 2-cube in R?\ {0} given by
o:[0,1] x [0,1] — R3\ {0}
(s,t) — (cosm(t —1/2) cos2ms,cosm(t — 1/2)sin27s, sin7(t — 1/2))
w(xl To Zg) — xldxoAdxs+xodrsANdry+xsdri Adzo
Y (@} +23+23)2
25y — (—msinm(t — 1/2) 00827r58%1 — wsinw(t — 1/2) sin27r56%2 +
7rcos7r(t—1/2)6%3) , ’
%ks,t) — (—27mcos7(t — 1/2) sin 27r53%1 + 2mcosm(t —1/2) cos 27T38%2)
O'*ditl(%) = dwl(a*%) = —msin7(t — 1/2) cos 2ms
J*dxl(%) = dxl(o*%) = —2mcos7(t —1/2)sin2mws
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o*(dx1) = —msin7(t — 1/2) cos 2ws dt — 2w cosw(t — 1/2) sin27s ds
o*(dxg) = —msin7(t — 1/2) sin 27ws dt + 2w cosw(t — 1/2) cos27s ds
o*(dxs) = weosw(t —1/2) dt

/w = / cos(t — 1/2) cos 2ms(—27% cos® w(t — 1/2) cos 2ms) dt A ds
o [0,1]2
+ cos(t — 1/2) sin 27s(—2m% cos? w(t — 1/2) sin 27s) dt A ds
+sin7(t — 1/2)(=2r?sin7(t — 1/2) cosm(t — 1/2)) dt A ds
= / —212cos® m(t —1/2) dt Ads — 2r%sin® 7(t — 1/2) cosm(t — 1/2) dt A ds
[0,1]2
= / —2n% cosm(t —1/2) dt A ds

[0,1]2

1ol
= —27r2/ / cosm(t —1/2) dtds
o Jo

1
2

2—27'('2/ —ds
o T

= A4

3 (ii) Given thet w is the differential 2-form on R? given by w = xdz A dy and
v, w are the vector fields given by v = y?9, + 239, w = 220, — 39,

w(v,w) = (zdz A dy) (v, w)
= 2Alt(zdx ® dy) (v, w)
= ; [(zdz @ dy)(v,w) — (dy @ zdx)(v,w)]
xdx(v)dy(w) — dy(v)zdz(w)
= xdx(y?0, + 2°0,)dy (220, — 30,) — dy(y*0, + 2°0,)xdx (220, — 30,)
= xy?(=3) — 23(22?)
= —2z° — 3x9?

4 (i) Let U C R™ be an open set.
Let ¢; : Q4(U) — Q*t1(U) be the operator defined by

w = wAdr

Note that w € Q% can be written uniquely as w = Y. frdrgr where
ReJ
dep = dz,, Ndxe, A ... ANdzy,,
J=A{R = (r1,re,..,r;) :n>1r >1ry>--->7r; > 1} and fgp: R" = R
are smooth functions. Let J = {R = (r1,79,...,75) € J : r; = 1}. For
R = (7‘1,7“2, ...,’/‘i) e J let R, = (7“1,7"2, ...,7‘1'_1). Then
w = Z frdzpr, Ndxy + Z frdxr where
ReJ’ ReJ\J'

a:= Y frdrr € Q.3 := > frdrg, € Q! do not involve dx;.
REJ\J' ReJ’
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Clearly this expression is unique.
Assume that w = a+ A dxy € ker ¢; = ¢;(w) = a Adxy + Bdzy Adzy =0
= aANdr; =0
=a=0
= w =B Ndz1 = ¢i—1(B)
= w € Im(qbl_l)
Conversely assume that w € Im(¢;_1)
= w=¢;_1(B) = BAdx; for some B € Qi1
= ¢;(w)=wAdry = ANdxy ANdz1 =0
= w € ker ¢;
4 (i) U=R2\{0}, P(z,y) = =5l Q(u,y) = S0tz
V) @)
Assume that there is a smooth function f on U satisfying the simultaneous
first order PDE’s % = P(x,y), a—f = Q(z,y). Then df = Pdzx + Qdy
Let C be the unit circle in R?. Then by Stokes theorem [ df =0, but
c

Pdx + Qdy

xfxy yd /x3+y+xy2d
(z? +y?)? (22 +y2)?

27

(—sin0)do + /
0

cos3 0 + sin 6 + cos A sin® 0
(sin? @ + cos? 6)2

cosf — cos? fsinf — sin® 0
(sin? @ + cos? 0)2

3

Sy Sy O O

Thus there no smooth function f on U satisfying the simultaneous first
order PDE’s % = P(z,y), % = Q(x,y).

5 (i) Let o;: [0,1] — R? i =1,2,3,4 be the singular 1-cubes
o1(t) = (28> =2t + 1,2t — 1);09(t) = (\/icos ”(2t+1) ,V/2sin Tr(Zt'H)) ;
o3(t) = (—=1,1 = 3t);04(t) = (2t — 1,1 — 2)
Let o = Zle oi, w=xdy — ydx

(co

s0)do
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L
fa’w = Z?:l fo’ w = Z?:l fo g; (w)
1 1 1
/ ot (w) = / o (ady — yda) = / o1 (1)o7 (dy) — o7 (y)o7 (dx)
0 0 0
1
- / (202 — 2 + 1)d(07 () — (2t — 1)d(o7 ()
0
1
= / (2% — 2t + 1)d(2t — 1) — (2t — 1)d(2t*> — 2t + 1)
0
1
= / (2t% — 2t 4 1)2dt — (2t — 1)(4tdt — 2dt)

0

1
= / (2t% — 2t 4 1)2dt — (2t — 1)(4tdt — 2dt)
0

= /14(tt2)dt
0

Wl N

[, ester= [ eatets i) = ["oiterostan - meitan

(Vacos "0 ) — (Vasin "D a1 )

(T2t +1) m(2t + 1)

m(cos

) co dt 4+ m(sin

) sin 1

/01
/0 7T(2t4+ 1)

1 1 1
/0 o3(w) = / o3 (wdy — ydz) = / 03 (2)3 (dy) — o7 (y)o3 (dx)
— [ D - 36 — (1 - 30d(-1)

/0 o3(w) = / o7 (ady — ydz) = / o3(@)d(0}(y)) — o} (W)d(o}())

= [ (@t—1)dt—2) - (t—2)d2t—1)

Therefore [ w = S Jw= S fol of(w)=2+7+3+3=2043"
5 (ii) Let M be the region enclosed by . Then OM = o
Let o, 8 : M — R be defined by

a(l’,y) = 7y75(1'7y) =z
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Then «, § are differentiable. By Green’s theorem for manifolds with corner,
we have

//dxd —//1 %—8—3 xdy:%/(adm—i—ﬂdy)

o

1 1 2
zi/(xdy—yda:)zi/w: O_g?ﬂ by part (i)

o o




